A.C.I.M FOR RANDOM INTERMITTENT MAPS : EXISTENCE,
UNIQUENESS AND STOCHASTIC STABILITY

YUEJIAO DUAN

ABSTRACT. We study a random map 7" which consists of intermittent maps
{Tx}E_, and probability distribution {py .(x)}X_ . We prove existence of a
unique absolutely continuous invariant measure (ACIM) for the random map
T. Moreover, we show that, as £ goes to zero, the invariant density of the
random system T converges in the L'-norm to the invariant density of the
deterministic intermittent map 77. The outcome of this paper contains a first
result on stochastic stability of intermittent maps.

1. INTRODUCTION

Expanding maps of the interval which admit an indifferent fixed point at 0 are
good testing tools for physical systems with intermittent behaviour. Pianigiani
proved the existence of ACIM for a certain class of intermittent maps of the in-
terval in [11]. Later, polynomial decay of correlations was proved for such systems
independently in ([9, 12]). More recently, Hu and Vaienti generalized these results
to general higher dimensional systems [8].

We are interested in perturbations of intermittent maps. In particular when the
indifferent fixed point persists under perturbations. Results on statistical stability
of intermittent maps with perturbations of this type were obtained in [1, 2]. How-
ever, there are no results on the stochastic stability of intermittent maps when the
indifferent fixed point persists under perturbations.

In this paper, we study a random map 7" which consists of two intermittent
maps {7} }5_, and probability distribution {pj ()}~ ,. We prove existence of a
unique ACIM for the random map T. Moreover, we show that, as € goes to zero, the
invariant density of the random system T converges in the L'-norm to the invariant
density of T7. We prove our results by using a cone technique. This cone was also
used in [10] to study Ulam approximations for deterministic intermittent map.

In section 2, we present the setup of the problem. Section 3 contains the proof of
the existence and uniqueness of the ACIM for the random map. Section 4 contains
examples of random maps which satisfy our conditions. Section 5 contains the
stochastic stability result. In section 6, we show that our random maps give rise to
an interesting family of 2-dimensional non-uniformly expanding maps which admit
a unique ACIM.

Date: January 16, 2012.
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chastic stability.
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2. PRELIMINARIES

2.1. Setup. Let (I,B(I),m) be a measure space, where I = [0,1],B(I) is Borel
o—algebra and m is Lebesgue measure. For 0 < 8 < a < 1, let

7 o Jr1+2%2%) we(0,3), _ Ja(1+2%27) @ elo,3),
! g1(z) T € [%,1]. 2 g2(x) T € [%71].

‘We assume:
(1) ge(3)=0, k=1,2;
2) g(z)>1, k=12

Remark 2.1. To simplify the notation in the proofs, we consider that T' consists of
two maps T1,Ts. The proofs for any finite K > 2 is similar.

We study a position dependent random map
T ={Ti(z), To(z); pr(z), p2(x)}
which is understood as a Markov process with transition function
P(z, A) = pr(z)xa(Ti(z)) + p2(z)xa(Ta(x)),

where A is any measurable set in B(I), and {pi(x),p2(z)} is a set of position
dependent probabilities!, i.e. pi(z) + p2(z) = 1 and 0 < py(x),p2(z) < 1, for any
x € I, and x4 is the characteristic function of the set A.

The transition function P(z, A) induces an operator Ep on measures on (I, B(I))
denoted by

Eru(4) = [P A)dn(a)
I

- / 1 (@)xA (T (7)) + pa(@)xa(To(2))du(x)
I

= /pl(x)du(a:)+ / p2(z)dp(z).

T H(A) T, (A)
We say that p is T—invariant if and only if
Erp(A) = p(A);
that is, for any measurable set A,
W= [ m@duta) [ o)
T (4) T, ' (A)

If 1 has density function f with respect to m, then Erp has also a density
function which is defined by Lrf. We obtain following by change of variables,
du = fdm, for any measurable set A,

LThis implies that the selection process of 11, T2 is not necessarily an iid process.
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/ Crfdm(z) = Erp(A)= [ p@)du(z) + / pa(@)du(z)

Il
—
=
=
o
2
o)
+
—
=
QU
=

Ty (4) Ty ' (A)

pa(T7 (@) (T (2))dm() + / pa(T5 (@) f (T3 (2))dm(z)

A

Py, (pr f)dm(z) + / Pr, (paf)dm(z)

A

(21) - [PTl (plf) + Pr, (p2f)]dm(x)a

Il
S -

where Pp, and Pp, are Perron-Frobenius operators [6] associated with 77 and T
respectively. Since (2.1) holds for any measurable set A, we will get an almost
everywhere equality: 2

(Lrf)(x) = Pr(pf)(x )+PT2(P2f)()

_ (Plf sz
= 2 >|+ 2

.UET1_1( ) 2_1( ) y |

2.2. Properties. We call L1 the Perron-Frobenius operator associated with the
random map T and the operator has very useful properties. The properties of L
resemble the properties of the classical Perron-Frobenius operator associated with
a single deterministic map.

Lemma 2.2. L satisfies the properties as follows:
(i)(Linearity) Lz : L' — L' is a linear operator.
(ii)(Positivity) Let f € L' and assume f >0, then L f > 0.
(i) (Preservation of integrals)

/ Ly fdm(z / Fdm(x

(iv)(contraction) for any f € L*,
I Lof <] f 1l

(v) Lrpf=f< Erpu=up, iemeasure p = f-m is T—invariant.
(vi)(composition)

Lrorf=LroLrf
In particular, Lo- f = L f.

Proof. See [4] Lemma 3.1. O

2Note that since p1 (z), p2(x) are functions of z, L7 is not a convex combination of p1 and ps.
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2.3. Notations and Assumptions. Finally, we set notations and assumptions
that we need later in the text. For z € I,k € {1,2} and partition P = {I1, Iz}, ; =
[ai—1,a;i],7 = 1,2, we make the following definitions
T(x) = Ti(z), with probability pg(z)
T"(z) = Ty, 0Ty, , 00Ty (z), with probability
Pho Ty 0+ 0 Tiy (%)) - Pry (Thp © -+ 0 Thy (%)) - piy (), i € {1,2}
Twi = Ty

I; -

Assumptions:
l

(A) > %,1 <1< 2, is decreasing for all k = 1, 2.
i=1 ke &

(B) iléf;pk(x) >4>0.

3. EXISTENCE AND UNIQUENESS OF ACIM

Since the random map T gives exactly two pre-images to the given z; we will
adopt the convention that these are

IN

T e ={y1, 21}, < z1,

IN
N~ N~

< 2.

T2_1$: {9272'2}7 Y2

1 1
Yy« = max{y1,y2} € [0, 5], z« = max{z1, 22} € [2,1].

§a
1
Define m(f) = [ f(z)dm(z), where m is Lebesgue measure.
0
In this section we prove the following theorem:

Theorem 3.1.
(i) The random map T admits a unique ACIM p,dp = pdm.
(ii) The invariant density p is uniformly bounded below.

We prove the theorem by a series of Lemmas and propositions.
Cone. For A > 0, define

Ca={feL'|f>0,f decreasing, /fdm < Az'7m(f)}.
0

We will show that for sufficient large A the cone Cy4 is invariant under the action
of operator L.

Lemma 3.2. Let f € Ca. Then, for x € (0,1],

(i) f(z) < Az=*m(f);

(i) f(z) < Lm(f), and in particular, @)zt 2y < 2m(f);
(i) y1>%,y2 > % and x> y,;

(iv) (1-2)17*<1—(1-a)z;

(v) 7% -yl > 1_70‘56



Y. DUAN

Proof. (i) We have
rf(x) = / f@)dm(€) < / FE)dm(©) < A *m(f).
0

(ii) By f(z) > 0 and decreasing, we have

rf(x) = / f(@)dm(€) < / F(€)dm(e) < / F©)dm(€) + / F(€)dm(€) = m(f).
0 0 0 x

So, f(z) < Lm(f) and in particular f(z) < 2m(f), when z € [3, z.).

1
(iii) For y1,2 < 3,

0< B8 <a<l, wehave
z=Ti(y) = yi(1+2°YF) < 2y and @ = Ty(y2) = y2(1 +2°95) < 2.
Also,
w=Ti(y) = y1(1+2°YF) > y1 and = Ta(ya) = y2(1+2°%5) > 1.
Therefore, y1 > 5,92 > 5 and x > ys.
(iv) Set
g(@) = (1—a)"* = [1 - (1 - a)a],
then g(0) =1—1 =0 and for = € [0, 1],

1
——1<0
T =
So, g(x) < 0,z € (0, 1] can be achieved from above two properties, that is
1—2)'"*<1-(1-a).

g@=-(1-a)(l-2)"+(1-a)=(1-a)l -

(v) First write,

pl—o yi—a — m1—cu[1 _ (&)1—@] — xl—a[l _ (1 - y*)l—a].

T T
Let ¢ = ==,
In case y. = y1,
x=T1(y1) =y (1+2%%)>y1 >0, <2y and (= = € (0,1].
Thus,
xl—a _ yi—a — xl—a[l _ (1 _ C)l—a]
> 27— (1-(1-a))]
11—« r—1Y
= 1—
(- a) =
= z7%(1—a)(Ti(y1) — v1)
= 27 %(1—a)2%)
> (2p1) (1 — ) (2% )
= (1-a)u
> (1 — a)z.
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In case y. = y2,

=To(y2) = y2(14+2°95) > 4o >0, <2y andszinG(O,l].
We have
el Ty, T = 2T - (10
> 27l - (1-(1-a))
= ng_a(l—oz)x;y2
= 27 %(1 = a)(Ta(y2) —y1)
= 21— )2

Y

(2y2) (1 — a)(2%y5 1)
= (1—a)ya(2y2)’ .

In our notation, we have 0 < 8 < a < 1 and 0 < 2y, < 1, then (2y)?~* > 1.
Thus,

Py 2 (- a)e 2 (1-a)3.
([
Lemma 3.3. Let f > 0 be a decreasing function. Then Lt f is also decreasing.
Proof. See Lemma 3.1 of [5]. 3 O

Proposition 3.4. For A > ﬁ the cone C4 is invariant under the action of the
operator L.

Proof. By Lemma 3.3, for f € C4 we know that Lp f is decreasing . Also, Lrf >0
and m(Lrf) = m(f). Therefore we only need to prove that

x

/Ldem < Ax'Tm(Lr) = Azt m(f),
0
when A > A, = 2. We have

x x

[ersan = [Paoin)+ Pratiamn = [ upyim+ [ apyim

0 0 T, '0,2] T 1[0,z

(74' 7)(p1f)dm + (72+7)(p2f)dm
01 01
(7+ 7)(p1f)dm + (7+7)(P2f)dm

Yx Zx Zx
- / (b1 + p2) fdim + / (b1 + p) fdm < Ayl=m(f) + / fdm,
0

1
2

3Note that this Lemma only requires assumption (A) to hold.
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where y. = max{y1,y2} € [0,3], 2. =max{z1, 20} € [%,1]. Since our transforma-
tions Tk (x) is not onto, there are two cases to talk about.

In the case 1, there is no z,. That is, we have only one pre-image to the given x.
By the Lemma 3.2 (iii), we get x > y.. So, y1=® < 217 with 1 —a > 0. Therefore,
xr

[ Lyfdm < Ayt~ for A > 0.
0
In the case 2, z, exists. From Lemma 3.2, we have f(z) < 2,z € [%, z«]. Then,

Zx

7fdm < [ 2m(s)dm = 2(z. - Hymih).

1

3
Moreover, we have g;(z) > 1,g5(z) > 1, then z = m[0,2] = m o T3, 2] >
2k — %,k: 1,2 ie. x>z*—%. So,

Zx

/fdm < 2zm(f).

1
2

By the result of Lemma 3.2(iv), we attain that < {2 (2!~ — y}=%). Then, for
A>A =4

o

[ 4
[ £rtdm < Ag=m(p) + a7 = g £ As (),
0
Therefore, L7 f € C4, with f € C4 and A > ﬁ. O

Obviously, if f € C4 and A >= ﬁ, then L. f € Ca,n > 1.

Remark 3.5. Since C4 is compact and convex, operator L1 has a fixed point f, € Ca
by Proposition 3.4 and the Schauder-Tychonoff fixed point theorem of [7]. Thus,
random map T admits an ACIM .

Let p be an ACIM for random map 7. See Appendix, we know each of maps
T} has a unique ACIM. Then let 1 and 7 be the unique ACIM for T7 and T5
respectively. Define Ay, = supp(vy) and basins U, = J T}, J Aj,. By the uniqueness

7=0
of ACIM for Ty, on I = [0, 1], we have

Ay=Us=1, k=12

Lemma 3.6. For k=1,2,1 = A C supp(u).
Proof. Since A, =Uy, =1 for k =1,2. Then u(Ay) = u(U) > 0.
Let B = I Nsupp(u), then B # 0 and p(B) > 0. Since B is subset of I = A

and Ay, is an invariant set, then |J T{B C Aj.
=0
Assume Ay, € supp(p). Then p(Ag \ B) = 0. Also,

A\ B) = w(|JTiB\ B) = u((JTLB\ B) > u(TiB). i=1.2,..

=0 i=1
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So, in this case, u(T;B) < 0,i = 1,2,.... However this leads to a contradiction
because under condition (B),

wTiB) = / prdp + / padp

T, (T B) T, (T B)

> inf pi(2)u(B) + inf po(2)u(Ty (T1B)) > 0.
and
WIB) = / prdu+ / pady
T (T2 B) T, ' (T2 B)
> inf pi(@)u(Ty(ToB)) + inf pa(z)p(B) > 0
Therefore, I = Ay, C supp(p). O

Proposition 3.7. Let A> A, = ﬁ and f € Cq. Then for random map T, there
are vy > 0, N € Zy such that LT.f > ym(f), for alln > N, where v, N depend only
on A. In particular, if also p = Lpp then u = pm is equivalent to m.

Proof. First we know from Proposition 3.4, if A > ﬁ, f €Ca, then L. f € Ca.
So, we have

x

/fdm < Axlfam(f),/ﬁ%fdm < Azt m(LBf).
0 0
Without loss of generality, we suppose that m(f) =1 and then m(L}f) = m(f) =
1. Therefore we only need to prove L. f > 7.
Now, we fix a small number 0 < o < %, such that Ag!~® = % Then,

o 1 o
1 1
/fdmgAal_a:§and/fdmzl—/fdea
0 o 0

When z € (0,0), we have
1 1
[ flo)dm [ f(z)dm
> o

f(2)> flo)=*© !

1-0 = 1-0 = 2(1-0)’
since f(x) is a decreasing function.

Also, £ f(x) is decreasing. Then it is enough to show that £ f(1) is bounded
below away from zero. By Lemma 2.1(vi) we get L. f(1) = Lpn f(1).

Define z,, = T~ (z,—1) N [0,3],n > 1 and 2o = 1 Obviously, {z,,} is a strictly
decreasing sequence and it converges to 0. Set

wp, = {k1, ke, ... kn € {1,2}"}, k; € {1,2}.

So, {x,} depends on w,. We denote {x,, 4, } = {zn}(wn).
With the fixed o, we can find an N such that {0, b1, bs, ..., b, } are critical points
of map T, and

{b1,b2} = Tk_ll(xzv—l), MaX TN 1wy < O
wN
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Then, for all wy, we have LTf(xN_1 wN) > L f(o) since Lpf(x) is decreasing,.

2 Zp“”

wn€e{1,2}N i=1 ‘“N

Lrn f(1)

- P, (T ()i () )
-2 Z 15, (Th, (0:)T7, (b1)

wnyE{1,2}N i=1

Z Z Pun_y Tkl )pk1 (b )f(bz)

>
B wy €{1,2}N i=1 WN 1(Tk1(b ))TIQ (bz)
_ Z ZPwN (N pkl(T,;}ixN_l)f(T];,lﬂN_l)
UJNE{I Z}Nz 1 TU{JN l(xN—l)T]g (Tk_lli.r]\[_l)
-y ey,
wy—1€{1,2} N1 k1 =1 T (n—1) i=1 Ty, (Tkl TN-1)
S M[ - 5 P TN ) ST 1)
wn_1€{1,2}N-1 TU{;N,l(l'N—l,wN) P et Tlél(Tk:}ifol,wN)
Pun ('TNfl,w )
= Y e oSlers oyt
wn_1€{1,2}N-1 TWN-1 IN-1lwn
pWN—l(xN—l wN)
E L7 f(o)].
B Z (Z)N 1(1.N71wN)[ Tf( )]

wn-1€{1,2}N~1

We have k that T (z) = 537 and f(T, {o) > > s
e have known tha ke{l,%ilfe[o,%] k(1) = 535 and f(T10) > f(o) 2 55—

Then, under the condition B: inf pg(z) >0 > 0,

(T 10)f(Tio)  pa(Tyy0)f(Ty0)

Lrf(o k,
() 7T 10) 7,(T; 1o)
»(Tp10)f (T 0) 5
> — > >0
M0 - 2l-o)E+a)
Therefore,
LY f(@) = Loxf(1)=7>0,
where v = m % with NV, o depend only on A.

Tl
WN—1€{172}N_1 WN-—1

Moreover, for n > N, we set h(z) = L2 f(x). Then h(zx) € Ca,

@) = LELT N f(2) = L¥h(z) > .
Thus, for all n > N, L} f(x) > v > 0.
For last part, suppose that p = L1p € C4. Clearly, if set FE such that m(E) = 0,
it follows that p(E) = fpdm = 0. Conversely, u(F) = 0. p = L}p implies that

0= ulE fpdm = f,C pdm > ym(E). Hence, if p = Lrp then p = pm is

equivalent to m ([
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In the following, we give the proof of Theorem 3.1

Proof. In Remark 3.5 we know the existence of ACIM for T. Next, we give the
proof of uniqueness. Suppose random map 7" has two mutually singular ACIM gy
and ps. From Lemma 3.6, we have I = A;, C supp(p;) and I = Ap C supp(ps2).
Therefore, I C supp(u1) Nsupp(usg). This contradicts the mutual singularity of uq
and po. Thus, the random map T has a unique ACIM. From Proposition 3.7, the
invariant density p is uniformly bounded below. O

4. EXAMPLE

We present an example of the random map T which satisfies the assumptions
and then it preserves an ACIM.

Example 4.1. Let random map T = {T(z), Ta(z);p1(x),p2(z)}, for 0 < f < a <
1

)

CJaz( 4202 zeo,d), ~Jz(1+2%28) ze]0,3),
T = 1 Ty =193 3 1
21 — 1 z € [3,1]. 33 z € [3,1]
and
= Lzt g o, ), by — 2220 g eo,d),
L zeli] z x e [5,1].

It’s obvious that py(z),p2(x) € [0,1], p1(z) + p2(z) = 1,V € [0,1] and Héflpk(l‘) >

% > 0 satisfying condition (B). Then we will check if this random map satisfies
l 1
condition (A), > pk,'(T’“f'ﬁ()), 1 <1 < 2, is decreasing for all k¥ = 1,2. First, for
i=1 Tk (Tk,i (I))
z € 1[0,4), ?}((z)) is decreasing directly from the given functions. But for ;1,((9;))
decreasing, we have to check if
’ ’ " 1
p1(@)T1(2) = p1(2)Ty (2) < 0,Vz €0, 7).
1 (@) _ 1 pa(2) _ 4
Then for x € [5,1], T = 6 1@ = 0
’ ’ Z a—1 a o 1 + x «@ a—1
p(@)Ti(@) =pr(@)Ty (2) = gaz® {1+ (1 +a)2%] — [a2%(1 + )z ]
amoe—l
= 3 14 (14 a)2%% — (1+2%)2%(1 + a)]
a—1
- ‘mg [1—2%(1+a)].
The term in square bracket is absolutely negative, i.e. 1 < 2%(1 + a),Va € (0,1).
So, ;1/((95)) is decreasing from
1 xr

@)y p (@) (@) —p @) (@) _ o
Ty (x) (T1(x))? B

Whence condition (A) is satisfied, since z + T} Lz and x T, La are increasing.
This random map preserves an ACIM.

(
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5. STOCHASTIC STABILITY OF RANDOM MAP

In this section we study the random map T, = {T1(z), Th o(2); p1.(2), p2.c(x)},
withe >0,0<a—e<1

T z(1+2%2%) z€[0,3), z(1+27¢227¢) z€[0,3),

1= l,e — 9
g1(x) z € [1,1]. : g1.e(x) z € [3,1].

where ¢} (z) and g{ () are increasing functions with g1(3) = 0,91,-(3) = 0 and

gi(x) > 1,g’175(x) > 1. Also, p1e(z) + p2e(z) =1 and 0 < py o(x),p2.(x) < 1, for

any x € I. In addition to assumptions (A) and (B), we assume that
Assumption (C): 1in(1) suppa () = 0.
E—r T

Let L1, be Perron-Frobenius operator for random map 7. For each 0 < € < a,
we can treat § = a —e. From results of section 3, we know there exist a fixed point
fe of Ly, and f. € Ca, for some A > ﬁ. Since C4 is a convex and compact set,
we can attain a subsequence {fc, }c, >0 of {f:}e>0 such that

Ll
fer, — fF€Cy, ask =00, €, —0.

1
Lemma 5.1. Suppose f, O f*€Ca. Then f* is a Ty —invariant density func-
tion, as € — 0.

Proof. We know {f¢, }c,>0 is a subsequence of {fec}c>0. Then we write f., as the
fixed point of Lr, , ie. f., = Lr., f-,. Recall that Pp, is the Perron-Frobenius
operator for deterministic map 77. Then,

||f>k - PTlf*”l Hf* - fEk”l + ||f€k, _PT1f€kH1 + ||PT1f€k _PT1f*H1
Hf* - fEk”l + ||f€lc _PTlfskHI + ||f5k - f*”l
21" = feulh + L. for — Pryfey |-

The first term on the right converges to 0 as k — oo by the choice of subsequence.
Moreover, we have

VANVAN

|Lr,, for = Prifeplli = NP (preyfer) + Pry (D2, fer) = Pr foi
= |Pr,(pre,fer — for.) + Py (P2e fo) 1
= |[(Pry. = Pr)p2.ey o, lln

2|lp2,c;, ferll < 251;pp275k — 0, as ep — 0.

A

Thus, f* = Pp, f* m—a.e. ([

Theorem 5.2. Let f. be the unique invariant density of T.. Let f* be the unique
invariant density of Ty. Then, lir% lfe = f*llx =0.
e—

Proof. By Lemma 5.1 there is a subsequence { f¢, }c, >0 such that f., L—1> freCa
and p = f*m is an ACIM for T;. By the uniqueness of ACIM for Tj, then all
subsequences {fz, e, >0 of {fc}e>0 have f* as their common limit point. Hence,
lfe = f*|li = 0, as e = 0. O
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6. TWO DIMENSIONAL NON-UNIFORMLY EXPANDING MAP

In this section we show that our random maps give rise to an interesting family
of 2-dimensional non-uniformly expanding maps which admit a unique ACIM.
Define the skew product S(x,w) : I? — I? as in [3].

<p1,$(w) = p%(x)v w € [Ovpl(x))v
Pr(w) = B0 € [pi(2),1].

In our problem there are four disjoint sets Uy, U, Us, Uy . Define S; = S |y,,i =
1,2,3,4.

S(z,w) = (Tk(z), Yo (w)), with {

S = (T1,1(3), p1.0(w)) = (2(1 +29%), -2, Ui =[0,3) x [0,p1(2)),
Sz = (T12(2), 010 (W) = (92(2), 5,5) Uz = [5.1] % [0,p1(2)),
= (T22(x), p2.2(w)) = (ga(x), SELD), Us = [3,1] x [p1 (), 1],

Sy = (TQ,l(ZL’)WO?J(w)) = (:L'(]- + 26(56)7 %{E()I))’ Uy = [07 %) X [pl(l'), ]

We are interested in the Lyapunov exponents of skew product at the point (0, 0).
Since skew product is a 2-dimensional map, we have two distinct Lyapunov expo-
nents at each point. Define the Lyapunov exponents of skew product.

Definition 6.1. (Lyapunov exponents)

Let S : I? — I? be a diffeomorphism on a manifold of dimension two. Let | - |
be the norm on tangent vectors induced by a Riemannian metric on I2. For each
point ¢t € I? and vector v.

A(t,v) = limsup — log(|DS v|).

n—oo

Focus on the point (0, 0), then the skew product is confirmed as S = (11,1 (), 1“ 3 )
and S ( 1, 1(.’1’:), ZH(I)WW) Then, we haVe

TR ) e T () 0
DS" = —w[p (@) (p1(T1,12) .1 (T}, 2))+ - 4P (T112)-(T7 1 2) (1 (@) P (T1'] ' 2))] 1
[p1(z)...opr (T 2)]? p1(z)-....1(T] @)

For convenient, we notate that A\; = \(t,v!) and Ay = A(t,v?) with

vl<(1)>, v2<(1)> and point ¢ = (0,0).

Also, we know that T 1(0) = 0, Tll 1(0) =1 and 0 < p;(0) < 1. So,

A1 = limsup — log(|DS(0 0) v'|) = limsup — log(| ( (1) ) )=0.

n—oo n— oo

and

0 1
AL = hflsogp log(| ( 1%(0) > |) = log 1 (0) > 0.
Remark 6.2. These two exponents tell us that this map is non-uniformly expanding.
Since our A\; = 0 at the point (0,0), which implies that there is no expandsion or
contraction in the v! direction at point (0,0).

By our result on the random map (Theorem 3.1) and the result of [3], this skew
product admits a unique ACIM of the form g x m, where p is the ACIM of the
random map.
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7. APPENDIX

Let (I,B(I),m) be a measure space, where I = [0, 1], B(I) is Borel c—algebra
and m is Lebesgue measure. For 0 < 8 < a < 1, let

_ x(1+2%z%) xE[O,%),
’ {gm v e b1,

We assume:
(1) 9(z) =05
2 g@)>1

We study a deterministic map 7' : I — I, with partition P = {I1, 2}, I} =
[0’ %]’Il = [%7 1]'

Lemma 7.1. Let p be a T ACIM. Then the support of p is I.

Proof. 1f g(z) maps [3,1] into [0,1], i.e. g(z) is onto. The uniqueness of ACIM for
T has been proved. We just only consider the other case, which g(1) < 1. For our
map, it’s obvious that T7[0, %] = [0, 1]. We need to show that for any interval J C I,
there exists an n > 1 such that 77(J) 2 [0, 3]. If J D I, T(J) 2 [0, 4] obviously.
Let J C I. Since m(T'(J)) > m(J), there exists a j > 1 such that T7(J) contains
a partition point in its interior. We consider all three possible cases.

(1) If T7(J) contains the partition point 0, then obviously there exists a k > 1
such that T97%(.J) 2 [0, 3].

(2) If T9(J) contains the partition point 3 in its interior, i.e. T9(J) D (t1,t2)
with 3 € (t1,2). It’s observed that T'[%,t5] = [g(3), g(t2)] = [0, g(t2)], which con-
tains the partition point 0. It becomes the first case.

(3) If TY(J) contains the partition point 1 in its interior. Let 7Y (J) D [s, 1],
with s > 3. Now, we first to show that g(z) < z,z € [3,1]. Let ¢(x) = g(z) — z.
We have 1(1) = g(1) —1 < 0 since g(x) is not onto. Also, ¥'(z) = ¢'(z) —1 > 0, i.e.
¢(x) is increasing for € [3,1]. So, ¥(z) < 0 and then g(z) < z,z € [,1]. Thus
for some k > 1,T"[s, 1] must contain partition point 1. Since T'[s, 1] = [g(s), g(1)],
with g(s) < s,9(1) < 1 and m[g(s),g(1)] > m][s,1]. That’s, after iterations, the
interval gets closer and closer to the point % and the length of interval becomes
longer and longer. There may be two possible cases. One is that % € [g%(s), g (1)]
with [gF=1(s),g""1(1)] C I5. The other is that for some [,[g'~!(s),¢g' ' (1)] C
I, and [¢'(s),¢'(1)] C I,. By the first branch of map, we know that for some
r,T"[g'(s), ¢'(1)] must contain the point .

Let A denote the support of p. Since A contains an interval J, T™(J),n > 1, and
A is an invariant set. Consequently (by invariance) A must contain I. Moreover,
A C I. Therefore, the support A is I. O
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